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ITGE STISCHIC SPERD

(CZxtensicn of the Prandtl Rule)

3y B. Gcthert, 3erlin-Adlershof

Abstracts For two- ard three-dimensional flow in a
compresaible medium, & simple relation is ~iven by which,
to & first &aporoximation, the Jusntitaetive influence of
comoressliblliity urnon the veloclities and oHrossures czan be
vnderetood in & cleé&r manuner, Tn the apyl’cation of th
relation the distinct behaviors of two-diriensicnal and
axially symmetric three-dimensional flow with increasing
Fach rumber sre broucht ont. For slender elliptic
cylindsrs ond gllinscids of revolutlion, calculations are
made cf the critical i:zch rusbor; that iz, ths Vach
nwrer abt whien local wle velcel®ty is achileved on the
bedy. As a further example, the 1irting wing of finite
87in is considered, t is srown that the incrzase of
wing 1I0t with Teehv m »oat Ay ano f ettacls is
greatly derendert unon the &so 2

L]

. e Axially Symmstric Bedies without [Lift

¢ “MZbens und raumlicke 3Stromung kel hohen Unterschall-
geschwindigheiten" (Lrweiteruny der Prandtlschen Recel)
from report 127, Lilisnthel Cesellschalt. v 27 —« 101,
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¥ACA TI! No. 13105 3

Tlow peltern the periturbation potential 1s the same as in
the ircomnresslibls Tlow at the corresponding p01rts
dcternined froa eouatlien (2). In tnis transformation the
rmerturbstion ve oolt ‘es  Avy and Avgy become smaller
comprzssible flow by

&t the correspondi ing pcints of tn
r

e

the v8tio /ﬁ - 1% while the perturbation velocities
s &

Lvy remain unchanged.

if a peraliel flow with the velocity Vo = Vo,
c 1c

sanurirmmossd urcn the perturvation velocities

rmined in this marner, ths Inclin&ation cof the streame-
] 7111 te reduecsd &t the correcronding points in the
e seible flow, while the oressures will, to & flirst
o Zimatiorn, remain uncharged (on the assumption of
£1lint cevietlious ‘“um parallel Tlow, the pressures are,
to a [irst approximation, only & function of the
perturbatior v2leclty v, ). In the trensformaticn to the
comnressivle flow the streanmline patiern Wwill, g@s a result
of the smuller ‘nelinations of streamlines in the com-

pressible medius, no lcngoer be ccomprecssed according to a
simple rule; thut is, 1t will Ve defrrmed in an oppesite
sense I'rom the potential ield to a degree net immediately
apparent,

Tt now freruently becomes exceadingly difricult to
the new contour in the diztertecd potential fisld,
for ~xnample, the very siwuole case of {low about

T Inrinlte srién at a small angle of atteci. If
potential of the flow sbout the plate {incompressible)
is distorted in the dAr’ﬂ* ons of the Y- and . Z-&xes
bty the factor 1,1 - the pecints of the nlate,
togothsr with the gouvt on of the Tound vortlces pro-
ducing the 1ift, move durirg thie: distortion as if the
argle of attac: ¢f the plate had bsen increased. 0On the
other hand, howvever, the sicpes of the streamlires -become
fletter 1 tio /1 - 1%, It 1s evident that after -
the dis flow t&kss plare hotween the pound
vertice Zirmple ce&sz, however, the prorer
relatic nehween Ubs nositions ol the bo”nd vortlces
end lhe sirsamliine slopss cén Ne achleved easi L7 by a
corrceponding intensificaticu of the potential In the
omprescivle flew, The releationsihips bscowe considerably
nere Gifficuls, even, for example, in the case of inclined
flow &btout & plate of fiaite span, for wnlch three- '
dimensiontl flow results, so th&t after the potential.
dlstortion the flow becomes Juite confusing.
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nrzceding section

is possible to distort

e and to the same
erturbation flow.
ans of & stratagem.

perturbation

can be in principle lessened if it
the streamline patte“n in the same sens
extent as the potential fileld of the pse
This «im can in fact he achieved by me
pguation (1) is completely independent of the veloclty
Vo of the parallel flow upen which the
potsntlel & 1s cupsrimpossd: it maast oeanly

e obzerved

that the norturbaticn velocitiles r@:ain smdll in comparism
witﬁ fbm velactity of tvhe parallel flow. ItT therelore makes
no feronce whithesr the voloclty v, in the ircoin-
ic
press] mcdiam is of the same or a different megnitude
compas with the veloclty Vg in the compressible
c
mMe If the follrving relationsghin 1s now chosén
e ‘ PR ¢ parallel stroam in the com=-
or le mediums:
v :(l"Ivtg) X v
Oc 010
then in chrresponding peints of the comprescsible flow the
strzanline irclination buocomes

/i e "’T?
Av_ AVARERS X AV .
dv, Yo Tie 1 d¥Vic
= — = x
d:{c VO(‘ (l - _'f’"a) X v . 'w/l - I‘Iz dxic
! ilc ,
that is, at corresponding polats in the compressible
medium th t“:qHTin? 1rnelination is increased in the
ratio 1/d' . The same relation cén glso be found
fer the u—’lru cticn. This moans, however, that the stream-
lire pattern of the compresssible flow 1us@¢tu simply from
distortion of the ﬂquQOl int incompressible flow in the
direciions of the y end £ axes by tho factor 14/ 1 1<,
The streamline pattern &end the perturbétion potential
field are thus actually distorted In the same way.
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The following relationsiiips can be found for the
perturbation mslceify 4v, and hence also for the local
przcssure Ap In bthe flow:

- I
Apg Avxc 4VX3e
=2 x - =2 X
P T 2 7 (1 = ¥°) x v
-Z X *Og Oc Oic
that is, in the compressible flow the pressure ratilo

o
—
I
[o N

the veloclty ratio A.yﬂ/ﬁoc are larger

re factor l/(l - %) than at corresponding points of
tihe eguiveaelsnt incompressib

From ths baslie fachs cerlved abcove, the following
sininle provosition con be demornstrated:

The streamli=ng patiern of a coupressible floy to be
caleuviated cin be comparcd with the streamline pattern of
an incompressible flow wi:ich results from contractlon
along the y &ard 2z s&xes of the profiie contour by the
factor /1 - 1% [(x-axis irn the direction of tre free
gtrean)., In the resulting coupressitlis flow the

Lp . :
pressuresn e &85 well as the psriurbation
,L_ X VO
velocities Avyg/v, ers greater in the ratio 1/(1 - ¥°
and the sfreanline slopss greater in the retic 1//1 - M2
than at the corresseonding points of the equlivalent incon=-
pressinle flow, h

#ith this princivle, &pproximate solutions can be
obtainsd in all cases of compressible flow, as long &s the

corresponding sclubicns Tor incompressible flow ars known.
Thus the problem, mertioned In ths beginning, of an
infi inely brozd nlate oléaced &t a grall engle of attack,
can b2 zelved in & sinplic manner, as woll &s the flow
gbont wings of finite spern, sweplt-back wings, axially
symuetric bodies, and the 1ike. In this nénner, aiso,
poroxinate sglhtlj vg  ore fouird Jqulte easily fer three-
dimensional flows whieh are not exially symnmetpic, of
witich an exa~ple will be given in *the Following section IV,
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III. PLAYE AYD THRIE-DIMANSIONAL PLON WILHOUT TIFT

l. Wing of Pinite Thickness without Lift in
Two=Dimensional Flow

Veleoelty Along the Surface of the Dody

AP sako of simplicity, the wing is represented
by an ¢llix cvlinder of largs spen, then 1t is known
from ihcoxpsessible flow that the greocatest velocity increase

ppesdrs av the pasition of ma’iquuithickness, and has the
r"'cJ“‘TlLt de o~ .A/t.

Locording to the rule precsentad previously the
perturvatlion voloeitics produced vty 2 body in inceonpreesible

flow sre sroeter by the Factor 1/(1 -~ M%) than those
for & bedy ir incomprogsible fliow thlaner by v’l .12

>
thet is:

/ e
/AV“d}\\ 1 A Vpax N\ 1 /an o
= -.—-.-—__..: X\ L ) T e e % 4 -—_
v 1 - 12 A\ v 1 - i 2 \ t
\ © e N0 Jie ic

Jith (d/t)gc Y AN (d/’c)c there then results for the

satest excess velocity on the wing in the conpressible

The srcatest cxeess velocities, and therefeore &lso
the preatest n@gatva prossures ecting on the wing, there-
fore POlqu;:hd In plene ilow to the remlliar Préndtl Rule
with 1A - 13, Si_nm the veloelity distribution cver the
2irfoil In ccanressible ‘1ov corresoonds to that over a
thinner G*otjon in incompressivle flow, the curve of
veloeclty dicstribution becoried somevintt more full with

increasing Maeh number,
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Velocity Disturbance at a Great Distance from the Airfoil

hecording to a calculetion carried out in FB 11657,
in 1rﬁowwr@sgwb1 flow the velocity psrturbation Avy/Vo
et a great distence from & slender wing of large span is:

2 = X2
__X‘. -~ g. X N X +2
Vo t (y2 + x2)°
Lccordine to ssction II this equation takes the
folloinz form for comoressible flow:
) N . ‘/4' \-
JOLAVL N / TR
i * |~ _r x |- 72 x g x ( xE) X 3@% X t
! ) : P Tk T/ . c
vV 1 =m0 A (1--L?) X Yoo 4 Xp i

0/, ! - c .

The followins relaticnship tl?LCfO“” results for the
inecrzasc of the perturbation velocity y/ﬁ with
increzse of Jach musber at a ~iven point a great distance
from & Hody:

22 2 2 v 2 2y2
(Avx/vo)c 1 ( l] - F ) X¥o = Xa (;’c + Xe )

- x - — *
Ve = x©
sm&all conipared with

1 ce sidewvays from
3 0 the above egquition
tice &lzo the pressures
increase by 1/(1 - Vz)%b that is, by the third power of
he Prangtl feetor. If, howover, J, 1Is small compared

with x,, that is, for ins

cance, point* far ahead or
behiind The airfoil are cons

v

idersd, the additional vslocitiss
1/

1

is, only with

2o srielly Symmetric Dodles without Lift
the 3urface of the Body

Iution tke STTatast velocity
sositicn of maximum thickness,

rierkungen zur Prandtlschen
raualiche Stromung {(ohne




are shown in figure 1 for Ilncomprsssible
to & coleunleation oy Lelaigs.

Leoovdiag to this, the velcelty increments
rice linearly, s in two-dimensional ilow,
follow & uyvadratic i&gw, PFor gméall thickness ratios
curve Tor the velocity increment cuan ve
Gporoiiete marner In thie fellowiac ways

, /L N2
XLl S
\4, t,'

x (47
\t

If the ~oneral rule Is aonlied once
Toa 1T, one obtaling for the rredtost

wrrecsinle
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flow a@ccoraing
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but more nearly
the

reprecented In an

Vi
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inrlfious
increusss
ough]y proportional
It

wmere according to
viloclty increumernt

vée.loecities in
exially symrietric

in
veloclty
net riss.
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Tdent that

Caly
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T
A

st be not
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the
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&P oo
resul
revol: to that cver
2 ow, ths velocity
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3% oinir: V(P@lo‘(} dor cb;ﬂsn unG der achsen=-
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1skorner.
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!
Velocity Disturbance &t & Creat Distence from
. Bodizs cof Revelution
hccording to & caleuletion cerried out in FB 116%,
the velocity perturbation tv, /v, at a lsrge distance
from & slender body of revelution is, in inconpressible
flows '
L\v_‘,{ 4 "'\0 3.-‘2 - ox 2
_..7._. -~ I./ X ,’#2 X 3
Yo v (32 + x2)
For tre comprescible Ilow it is then found once more
~CDPTE qwnni‘“” cmnverslon of the equivelent incone-
flow that tre velocitr disturbances at points
distonce from bcdies increase in the focllowing
3 +o - 2x.2 X 5
e (1 - )7.? - 2%g (7p2+ X 2)5/
= = =
r o M3y 2 ;- R lis/2 4 2
olte I = MUITLT F AT Je ™ - 2x,

ce dlstance sideweys 1rcm the body,

copared with x,, the velecity

ssurss increass by 1/(1 - M?) 3.

¥ rd pover of the Irandtl factor, Just
(s In P For polints far snead of, cr Ier bebind,
the body tihe velecity distuvrbances and pressuares rend in
constant in splte of irersesing Fach number,
v

3. Cownarison of Two-Dimersional and Axilally-Symmstric
Flow without Lift

In figure 2, as &n example, is shown the increase of

‘ velocity due %o compressihility in the plare of symmetry
* x = 0 far two-dimencional and threc-dimencicnal flow.
It i¢ seen from thils exam»le that in the lmmediate vicinity
of the body the velocity irerewent in three-dimensionsl
flow is incrzaced only slightly by comprecsibility, but
S E turce irox Lhe nody the veloclty
> fmencional flow very guickly

C
approach the common i°Yﬂ“T te 1/(1 - u=
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A omalitative comperiscen with the veslocity increments
cen bhodics in inccnnruduxble tlow (cf. fig. 1) will sarve
te zive en Insight into the distinctive behaviors of nlane
and threc-dimensional tlow#4, If cne imagines, for example,
that the effect of compressibility ia the vicinity of the
bedy is somewhat eguivelent to an increase in thickness,
girce &g & result of the velocity increment the air cxpands,
then the character of the rice in velocity irncrement with
trevaition to hlfVO” Mach numbers must correspond somewhat

%

te that from ineregse of thicknsss ratic. It is evid@*t,
in fact, Tor eliintic cylinders (two dimensions), that the
velocily Increwent rises in preportion to the thiclinoss
ratlic; that t,v“‘fore £light changes in thlickness ratio,
ey, for also Uy COLPrS s5ibill ty, produce guits
noticeabilis variafions ir vl (th) inzrement: this reliation
is independent of thickness ratio a2nd cpvoéars, for cxnmple,
cvon with virishinel Ll thickness ratlios, For
elli ; BABY fthres dimsasions), tne veloclity
: :ately witly the sccond power
hat wreall 1ons of
i &1 r essibility,
nroduc e & roment for
very I'ep very groé ckness ratlios
81-¢ ces¢ of thickresa ratic squul
¢llinsolds cof wcvclub;ows just
& large distance from Hody
rhutlons &re cncounterced pléne

”low.

£ Critilcel Fres-Stream Velocitiec
onal and Axialliy Syrwetric Flow

o]
w3
G O

[ 6]

—

Q

=

It is lnown from wind~tunnol experiments that flow
over slsnder bodies ~ees smocthiy so long &s the velocity
of sownd is nob reuched or exchoded at any peint in the
flow ficla. TIf ths fros-strsen velosity 1o raised so hich
that et the noint of rasimwm velocity increase
sonl Just rowached, the flow begpinz to
letes or dese ropidis. L frec-scream
ve lo: be formed the critical free-
stra correavending umber tr
eritic If the wp-ur“ locity increoment

b

>~
<
}_.4
3]
r—"
-
Q
)
w0
e}
Co
oA
T~
-

41 tiieénk Prof. Foclk, icr bthe pasic ldea of this
compérison.,
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the basic principles

ously wmermic calcuiatlon of the crit

slendsr bodies.

Two-dimensional

11

of the PranAtl rule presented previ-
ical Mach number Ior

flow:

nsicnal flow (with 4/t = f ivic/vo§ accord-
| g

=1
tre critical
sye shown 1

1f-porcent thicl
critical Iach n

fuselage of the sem

iz cylinders tnd ellipsoids of revolution
snh rumoers calculated from the avbove squations

st phe three-dimensional

favorable results tizan the

one haand for soual thickiness

1ty insrement ls considerebly lower

ther hand upon going to higher

y incriments rise only insignifi-
an eliiptic cylinder airfoll at

»atio ncsssseces sccording to this &
of ww = 0,78, while an elliptlcal

+mickness ratio reaches the critical

al

-

fat
region cnly at a I'zch numbder of s = 0.93.

This pesult indicates that for aircralt the achieve=-
ment of the createct porsidie clerdernress should be
concontrated in ssriicular upon the wing, since the fuse-
lege end engine nécelli€s ~0 tavoruble shépe will reach
local scnic veloelty only &t conciderably higher velocitiles
then corresncnd to the critical specd of the wing.

csult is noturalliy valid only for smooth bodies
rances.
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IV, WING OF FINITE SPAN

& represented
b2/F  which meoves
¢ Q4 and Macli numuer M, then
in Incorpressible flow at the same angle
lowing 1ift coefficiont according to the

¢ consziders next an idenliz
fjl&tb Q_L c~o"}t Ct “"tlo J\L =

% S
hl’}f ie of <lu+\ ot

a
2

,.
s
2
g
]

o

= O o ®
o bt T ot
H e

[ oI /s )

C éGL ) (7
a X

a

essible Ulow the nrassures and hence glso the
ent ere greefer in the ratio 1/(1 - 1%) than
lent plate In incomuressinle I'low, wvhose

sle of atteck are sneller ln tho ratio

1 5,65
Ci. = x -
i p X a
Ver® o1 x ¢
R ¢
V1 - x A

increase of 11t coeflficient with
finds therefore:

Cr
J..J(‘\'

T
ad ¢

- ] ] .
. 1?F the above egyuation
gives the Frandil rule, that

iy
<

TN /g P
Do L FR® 1/-\/ L = L Te
WiTh very smzll aspect

f‘ n thaet Lle 1ift
S - S i
lents incrcecise of Mach

aehs, Yopf, Seewald
Yerlag Springep, ?w
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Between these two limiting cases lies a complete inter-
mediate resion, which is represented in figure li. Thus
for & wing of aspsct ratio A =1 the increase due to
comprassiblliity in the 1ift from Mach numbers in the range
1= 0 teo 0.. up to a Wach number of M = 0.9 amounts
to ebout 35 percent, still only approximately 20 percent
cf the velus found for infinite aspect ratio.

small aspect ratios, to which the linear airfoil
s no 101rer aﬂwllcabTe, Bollay® has presented
stisns for incompressible flow in which, tor

for & plate of vanichingly small &spcct ratio
sults: Ty = dv Qinza. Trom this eyuation it is

found that the 117t coefricient is not increace
zssiilicy, s'woe the angle of attack a of the
nt plete st be chosen smuller by the ratio

while the pressure is subssquently increased
- M2).

The influence of anect ratio unon increase of 1ift
coefficient which was fcund by this methed will be of
imoortﬁnoa in the stabj_i+7 cf a*rcraft Ir, for ﬂxaﬂﬁle,
the vennage nas a smeller aspect ratic than the wing,
the bC“/rm of the wing rises more rapidly than
the  oCp/da of the tull, so that the

air
urctable with increasine ¥ach number. I the moment of
the fuselage is to be considersd in the stability of the
girplane, it must be rezlized that the fuselage momunt
rerainsg practically constant, and & further qutponcmcnt
is accerdingly to be antl,ipated.

plarg Hecomes

V. SUKMARY

le From the contiruity equation for three-dimensional
flow in a compressible medium the following rule, valid
for slender hodies, ig found by means of 2 transformation
similar to thet cmploryed in the Jderivation of the Prandtl

The s*rsamline pattern of & compressible flow to be
calculate d cdn e coup&rad witi: the streamline pattern of

6Ccllaoy: A Ionlinsar Wing Theory and its Appll catlon
to Rectansuler Wlnﬁs of Singll aszecet Ratio. Zdl.4alMWM.,

Pd, 1% (193%9) pp. 21 to 35.
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an incompressible flcw which results from contrection
along the y and 2z axes of the profile contour by the
factor 1 = M2 (x-axis in the direction of the free
stream). In the resulting compressible flow the pressures
Ap g o e
——=——— ag well as the perturbation velocities Av_/v
‘.')/'3 X v 2 X (o]
oS I}
are ~reater in thz ratio 1/(1 - mﬁl and the streamline
slopes greater in the ratio 1AM - ¥° than those at thne
corresvonding points of the qu ivalent inccmpressible
flo

Ze It 1g shown for slender bodies Tn two-
dimensional flow the vslocity ratios Avv/v and the

hAn
vressure ratiod  e——i

n/2 X v

along the surfece of the body

O
Ineresze with incrensing iree-stream veloclty by the
ratio 1A/ - ¥2, while for axially symmetric flow these
ratios remaln constant In spite of increasing llech number
5 At & proat cistones to one side of the hody
(x = 0) he perturbstion volocities Avy, and the

L
pressuirey inﬂrease to the same depree in both two- and
. 3/2 .
three-dimensionsl flow in the ratio 1/(1 - M2)%? , 4t
a great llstunce aheed of and behind the body the velocity

Av, and preszure rise in the ratio 1//1 - M? in two-
&

dimensionel Ilow, but remein constant in three-dimensional

flow, /
fe PFor ¢llintic eylinders and c¢llipsoids of revolutim

the Mach numtbers are culeulated for which sonle velocity

1s just reached locally on the cody (fl& 3). Accordingly,

for ciangyle, an elliztliec cvlinder of 0.15 thickness ratio

possesses a critical el nuniber of O./u, while a

ellivsnid of revolution of equal thickress ralioc shows a

critical ¥ach ruaher of 0,93,

5. L is demonstrated the 1irft cceeffliclient of airfolls
rises according to the Prandtl rale with 1AM - w7 only .
with infinitely lerge 2onect ratioy for I'inlte aspect wdtlo
the increese is somewnat smaller, untll ia the linmiting
cése of vanishincly small aspect ratlo it completely dis-
appears, thet is, for *~ — 0 &an inerease of Mach number :

—_ .
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at constant angle of attack produces no increase in 1ift
cocefficient. This influence of aspect ratio .is prescnted
in & graph (fig. Iy,

v]

Transl&ation by Milton Van Dyke
National Advisory Committee
for Aercnautics
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Fig,

495
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7

%

42

Ay
Vo
A maximal sSuper-strean
A’/(' velocity on body
with ¥ = ¢
Elliptic eylinder e
/’////
Ellipsoid of //
revolution d
J/
7
g
//
/’ Thickness ratio d/t
// resp. D/L
0 81 42 83 94 95 06 27

1 Maximum super-stream velocity for elliptical cylinders

5

(e

and ellipsoids of revolution.

T I T
(4niv,)c —nTn eymmrere ]
U Ju)e s (] (f-F12)%
bl L
’ Plane n}////
e //

/ / Spatial flow

0 32 [T LY 28 10 12 o

~———®>= Distance from profile-center line ,/f

2 Perturbation velocities for X=0 through a plane and
through rotationally symmetric disposition of source-
depressions in incompressible and compressible flow.
{ Mach number M=0,8 ).

Notation of coordinates:
Perturbation velocity in incompressible flow:

(A vy/ Vyic

Perturbation velocity in compressible flow:
( M=0,8 ) :

(A v/ V)¢




Figs. 3,4
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Fig. 3 Maximum super-stream velocity and critical Mach number
M* for elliptical cylinders and ellipsoids of revolution
in symmetric flow.
M*= Mach number of the flow velocity at which the
body atteins sonic velocity.
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Fig. 4 The influence of asyect ratio uron the increase of the

1ift coefficient at the same angle of attack by increa-

sing the Mach number M




